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INTRODUCTION 


!Ms  study  was  performed  In  response  to  an  ONR  Contract  Mo. 

Hoar- 3983(00)  awarded  to  Space  Technology  Laboratories,  Inc,  in  November 
1962.  The  proposal  for  this  study  was  motivated  by  a  paper  titled  "A 
Model  for  the  Survival  of  Tactical  Units  on  the  Battlefield"  that  was  pre¬ 
sented  at  the  Military  Operations  Research  Symposia  (MORS)  at  Ft.  Monroe, 
Virginia,  in  April  1962,  by  Paul  D.  Chaiken^,  ThiB  paper  demonstrated 
the  use  of  analytical  techniques  to  quantitatively  describe  the  inter¬ 
relationships  between  mobility,  dispersion,  surveillance,  and  fire  power 
as  it  affects  the  survival  of  tactical  units  on  the  battlefield.  The 
Office  of  Naval  Research  indicated  interest  in  the  methods  utilized  in  the 
paper  and  requested  a  repetition  of  the  MORS  presentation  in  Washington. 

It  was  after  this  briefing  that  the  proposal  was  generated.  The  resulting 
study  attempts  to  analyze  significant  problems  from  both  Navy/Marine  Corps 
anphibious  operations  and  Marine  Corps  tactical  operations.  In  order  to 
help  STL  formulate  such  problems,  Mr.  Irving  Dow  of  the  Naval  Warfare 
Research  Center  of  Stanford  Research  Institute  (Pasadena)  and  the  staff 
members  of  the  Office  of  Naval  Research  (Washington)  were  consulted. 

The  problems  were  formulated  in  game-theoretic  terms  in  an  attempt 
to  obtain  basic  mathematical  structure  rather  than  specific  numerical 
analyses.  By  mathematical  structure,  it  is  meant  the  inherent  strategies, 
mixed  or  pure  (in  a  game-theoretic  Bense),  which  appear  in  the  course  of 
the  analysis  that  allude  to  the  decision  making  events  associated  with  the 
military  scenario  from  which  the  problem  was  defined.  Hopefully,  these 
strategies  can  then  be  functionally  related  to  real  world  inputs  in  order 
to  obtain  better  insight  into  the  nature  of  the  specific  requirements  to 
be  made  of  the  limited  warfare  system  used  as  a  basis  for  the  model.  The 
deflnltizing  of  tactical  system  requirements  affecting  surveillance, 
communications,  command  and  control,,  logistics,  fire  power,  force  size, 
dispersion,  defense,  and  ancillary  support  equipment,  utilising  mathe¬ 
matical  models,  was  the  major  objective  of  the  approach  described  above. 
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The  approach  .  taken  _  •  'by  this  study  will  be  to  mathematically  abstract 
specific  problems  (sec  Figure  3.)  from  the  area  of  Navy/ Marine  Corps  amphibious  opera 
tions  and  Marine  Corps  tactical  operations.  This  approach  presents  the  analyst  with 
dilemma.  If  the  problem  abstracted  reflects  too  many  real  world  variables,  a  buccgs 
ful  solution  to  the  problem  cap  become  impossible.  On  the  other  hand,  if  the  proble 
is  too  much  of  a  simplification  of  the  real  world  situation,  the  solution  will  yield 
results  that  are  trivial.  Significant  analyses,  i.e.,  nonrtrival  solvable 
problems ^  can  only  be  accomplished  by  a  full  understanding  of  th°  problem  area.  Thi 
understanding  allows  the  analyst  to  determine  the  important  parameters  affecting  +.a 
structure  of  the  solution  and  even  more  important  allows  him  to  pick  measures  of 
effectiveness  or  criteria  such  that  these  parameters  can  be  related. 

There  are  many  parameters  or  factors  which  have  a  great  deal  of  importance  i.r. 
the  real  world  situation.  However,  the  true  test  of  their  importance  when  abstract¬ 
ing  this  real  world  situation  into  a  mathematical  model  depends  upon  how  these 
parameters,  factors  or  variables  affect  the  structure  of  the  solution.  An  example 
of  this  was  illustrated  in  the  MORS^  paper  where  the  parameters  of  mobility,  dis~ 
perslon  and  surveillance  completely  defined  the  structure  of  the  mathematics  develop 
whereas  fire  power,  a  very  important  real  world  parameter,  could  not  be  introduced 
except  as  a  scaler  quantity  completely  independent  of  the  mathematical  structure  Or 
the  other  hand,  the  same  military  situation  utilizing  the  Lanchester  Model  completely 
inverts  the  above  parameter  relationships  to  mathematical  structure  and  yields  an 
entirely  different  approach  to  the  same  problem.  Which  model  formulation  should  be 
used  can  only  be  answered  by  asking  what  type  of  parameter  trade-offs  (outputs)  is 
the  analyst  interested  in.  The  formulation  that  involves  parameters  that  define 
mathematical  structure  usually  (but  not  always)  yields  more  hidden  or  less  obvious 
results  concerning  these  parameters  than  those  formulations  where  the  same  parameter-, 
are  independent  of  the  mathematical  structure.  Which  model  formulation  is  the  best 
is  simply  answered  by  stating  that  the  modo3.  that  works  the  best  is  the  best.'  By 
'bust'  it  is  meant  the  formulation  which  yields  outputs  or  answers  that  more  closely 
correspond  to  the  real  world  outputG  in  a  similar  real  world  situation. 


ABSTRACT 

PROCESS 


tapMbiaua  Operation 


I.  SUMMARY  AMD  CONCLUSIONS 


This  study  demonstrates  the  use  of  analytical  techniques  tp  quantita¬ 
tively  describe  the  interrelationships  between  mobility,  dispersion*  sur¬ 
veillance,  and  fire  power  as  they  affect  the  survival  of  tactical  units  on 
the  battlefield.  The  purpose  of  such  a  study  was  to  emphasise  the  possible 
use  of  analytical  models  to  explore  areas  of  amarine  Corps/Navy  advanced  war¬ 
fare  military  systems  and  operations  in  which  outputs  obtained  from  such 
analyses  could  lead,  by  implication,  to  recommendations  for  requirements 
for  surveillance,  fire  power,  force  size,  logistics,  and  command  and  control 
subsystems . 

The  basic  problem  analyzed  in  this  study  can  be  summarized  as  follows; 

An  amphibious  landing  force  x,  at  sea,  is  to  assault  a 
limited  area  defended  by  a  force  y.  The  landing  force 
x  is  to  be  split  up  into  an  air  mobile  force  x^  and  a 
surface  mobile  force  xg.  The  defending  force  y,  in  turn, 
commits  its  forces  by  allocating  part  of  y,  y,  in 
defense  of  the  beach  and  the  remaining  force,  &  to 
defend  against  the  air  mobile  attack. 

Some  pertinent  questions  based  upon  this  amphibious  operations 
scenario  were; 

What  strategic  allocation  of  forces  jjSji.,  0^  xg,  xA  Bhould 
each  side  use  against  the  other  during  the  ensuing  engage¬ 
ment? 

What  is  the  mathematical  structure  Of  the  strategic 
decisions  made  by  both  sides  (i.e.,  |/3^,  xg,  xal  ) 
as  a  function  of  initial  conditions,  such  as  force  levels 
(x,y)  available  td  each  side  at  the  beginning  of  the  battle, 
mobility  of  the  assault  and  defense  units  on  the  battlefield, 
fire  power  available  to  each  fighting  unit,  and  the  time 
sequencing  or  staging  of  force  units  into  battle? 

Hpw  does  the  analysis  relate  back  to  the  real  world  in 
terms  of  logistics,  equipment,  force  levels.  Operational 
plans,  etc.? 

The  above  amphibious  operation  problem  was  presented  mathematically  in 
a  game  theoretic  context  which  attempts  to  relate  the  interplay  of  the  many 
parameters  enumerated  above  as  they  sf feet  the  outcome  of  the  battle.  The 
payoff  of  the  game  was  defined  in  terms  of  time  dependent  solutions  of 
equations  reflecting  the  above  scenario*  The  significant  outputs  of  the 
mathematical  model  formulated  in  this  study  were; 


.  The  number  of  survivors  at  the  end  of  the  tattle. 

.  The  duration  of  the  tattle  for  any  threshold  of 
defeat  of  one  side. 

.  The  optimum  allocation  strategies  available  to  each 
side.  That  is,  vhat  fraction  of  the  total  forces 
goes  across  the  teach  and/or  is  deployed  air  Labile 
as  opposed  to  the  defender’s  allocation  vhen  splitting 
his  force  in  defense  against  the  amphibious  operation? 

.  The  natural  strategic  discontinuity  levels.  That  1b, 
the  areas  of  the  strategy  domain  teyond  'which  toth 
sides  nust  play  to  obtain  strategic  optimality. 

.  Sub -optimal  strategies  (restricted  within  discontinuity 
levels).  That  is,  areas  of  the  strategy  domain  in 
which  strategic  optimality  cannot  he.  achieved  and  sub- 
optimal  strategies  become  important. 

The  last  two  outputs  reflect  the  constraining  nature  of  the  real- 
world  situation  in  that  mathematically  optimal  strategies  may  not  always 
be  possible  to  achieve  because  of  the  physical  constraints  of  the  tactical 
systems  employed,  e.g.,  landing  craft  and  helicopter  capacity,  Bpeed  of 
operation  and  duty  cycle  of  the  logistic  support  systems,  etc.  However,  it 
should  be  noted  that  the  model  does  not  delineate  these  constraints  directly 
but  rather  defines  the  nfithsmatlcal  structure  of  the  decisions  made  in 
terms  of  natural  discontinuity  levels  in  the  decision  domain.  These  dis¬ 
continuities  in  turn  define  the  areas  In  Which  optimal  strategies  shift 
violently  If  -the  real  world  were  for  any  reason  so  constrained  to  operate 
only  in  these  areas.  The  resulting  strategies  derived  from  the  shift  from 
optimality  are  sub-optimal. 

A  sensitivity  analysis  of  the  mathematical  model  formulated  using  the 
above  scenario  as  a  basis  was  performed  by  taking  the  Important  input 
parameters  and  perturbing  the*  away  from  vhat  was  considered  a  standard 
model  configuration.  Bees, 'Be  of  the  multi-dimensional  complexity  of  the 
model,  it  was  felt  that  tb  best  way  to  explore  the  structure  of  the  problem 
was  to  set  up  a  standard  c,  ,ss,  which  would  represent  a  typical  amphibious 
operational  exercise.  Then,  based  upon  the  nature  of  the  results  obtained 
from  solving  thiB  standard  case ,  ■  other  input  parameters  v<=>  -e  perturbed 
sequentially  in  order  to  test  for  their  sensitirity  to  the  overall  measure 
of  merit  defined  by  the  model. 
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Ibe  results  of  the  standard  ease  indicated  that  the  lending  force’s 
optimal  strategy  is  to  send  all  of  its  forces  air  mobile,  even  though  such 
a  strategy  vould  represent  a  Bevere  constraint  upon  the  fire  power  availab! 
for  an  air  mobile  operation.  3n  other  Words,  the  value  of  quick  tLeployncax 
Of  landing  forces  via  the  air  mobile  mode  more  than  compensates  (in  term?,  > 
effectiveness)  for  the  inherent  fire  power  weakness  associated  with  the  ai 
mobile  mode. 

Hhe  disadvantage  of  the  surface  assault  mode  for  the  deployment  of 

attacking  forces  lies  in  the  fact  that  the  assault  units  that  contribute 

most  to  the  heavy  fire  power  characteristics  of  the  assault  could  not  h° 

deployed  until  the  beachhead  was  first  secured  by  the  rifle  and  close-Bupij 

artillery  units,  which  have  relatively  the  same  fire  power  characteristics 

as  the  air  mobile  mode.  In  other  words,  to  deploy  heavy  fire  power  via  th 

surface  mobile  mode  requires  the  assault  units  to  deploy  sequentially  in 

time,  thus  losing  the  effeotivness  derived  from  the  quick  deployment  as 

demonstrated  by  the  air  mobile  mode.  Of  course,  if  all  fire  power  of  both 

sides  in  the  standard  case  were  substantially  reduced  (by  a  factor  of  five 

% 

and  kept  in  the  same  proportion) ,  the  optimal  strategy  reverts  to  the  suj  - 
face  mobile  mode,  which  indicates  that  time  sequencing  of  assault  units 
relative  to  quick  deployment  is  no  longer  detrimental  to  the  overall  optim 
effectiveness  of  the  operation.  ore  significantly,  however,  the  analysis 
of  the  standard  case  also  reveals  a  natural  strategic  discontinuity  in  the 
decision  allocation  domain,  which  severely  limits  the  commander 's  ability  ■ 
make  an  optimal  decision . 

ihe  results.;  of  this  analysis  indicate  that  the  amphibious  task  force 
cowmmder  is  constrained  to  send!  greater  than  £0$  of  his  forces  via  the  ai: 
mbbile  mode  if  his  decision  is  to  remain  Optimal.  If  for  any  reason  such 
percentage  of  total  forces  cannot  be  sent  via  this  mode,  then  optimality 
reverts  to  a  decision  requiring  1,00$  pf  the  commander’s  forces  going  acroBi 
the  beach  in  the  surface  mobile  mode. 
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He  natural  discontinuity  level  of  9°$  is  called  the  dec  la  ion  threshold 
level  for  air  mobile  deployment,  and  represents  In  the  real  world  the 
amphibious  operation  commander's  'fllp-flog'  decision  level  in  which,  based 
upon  long  years  of  experience  in  command,  he  determines  the  mode  of  attack 
during  the  planning  stage  of  the  operation.  Hie  current  vertical  envelopment 
doctrine  deploys  about  2Q$  to  30$  of  the  landing  force  via  the  air  mobile 
inode,  which  is  considerably  le3s  than  the  threshold  level  resulting  from  the 
standard  case. 

Although  our  standard  case  model  is  not  purported  to-  be  an  accurate 
representation  of  the  real  world,  it  does  yield  corfbat  results  in  thife  range 
Of  values  characteristic  of  the  World  War  II  Pacific  Island  Campaigns.  Also, 
this  study  does  not  attempt  to  develop  absolute  evaluations  of  amphibious 
operations  via  exercising  mathematical  models.  What  thiB  study  doeB  attempt 
to  estabxxsh  functional  relationships  between  various  important  parameters 
that  are  characteristic  of  the  amphibious  operation,  such  as  mobility,  fire 
power,  time  dependent  deployment  of  assault  units,  and  order  of  battle,  with¬ 
in  the  framework  of  optimizing  an  overall  measure  of  merit  for  the  operation. 
Concerning  the  amphibious  commander's  decision  threshold  of  90$,  we  can  only 
say  that  it  is  high,  not  only  in  its  range  of  possible  values  but  also  with 
respect  to  reality.  He  primary  objective  of  the  sensitivity  analysis  per¬ 
formed  on  the  standard  case  was  to  determine  the  parameter  or  set  of 
parameters  that  will  influence  this  threshold  of  90$  in  such  a  way  as  to  re¬ 
duce  Its  value  so  it  conforms  to  present  doctrine. 

He  results  of  the  sensitivity  analysis  indicate  that  the  air  mobile 
decision  threshold,  can  be  reduced.  He  perturbation  Of  the  nobility  factor 
assigned  to  assault  units  on  the  battlefield  caused  the  decision  threshold 
to  approach  values  consistent  with  reality.  Hat  is,  it  was  determined  that 
under  conditions  of  amphibious  landing  force  superiority  (force  ratios  of 
four-to-one)  the  decision  threshold  would  drop  to  zero  if  the  mobility  Of 
the  assault  units  on  the  battlefield  was  extremely  large.  He  mathematical 
model  Indicated  that  distance  between  separate  and  distinct  battle  engage¬ 
ments  on  the  battlefield  had  to  be  traversed  by  the  individual  landing  force 
assault  units  at  infinite  speed.  In  other  words,  if  a  finite  period  of  time 
was  necessary  for  the  amphibious  assault  units  (completing  their  local 
battle  engagement)  to  link  up  with  other  (amphibious-  assault  units  at  a 
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.different  geographical  location  on  the  battlefield,  then  the  air  mobile 
decision  threshold  remained  hi$i.  Only  infinite  speed  (a  physical  im¬ 
possibility)  alloved  for  the  air  mobile  deployment  of  forces  in  percentage 

i  ^ ' 

of  total  forces  consistent  with  current  doctrine. 

Next,  perturbations  of  -various  fire  powers  associated  with  assault 
and  defensive  units  were  tried.  Increasing  all  the  assault  units '  fire 
power  relative  to  the  defense  did  not  seem  to  have  any  effect  upon  the  aii 
mobile  decision  threshold  level.  However,  increasing  the  defender’s  fire 
power  relative  to  the  amphibious  force  reduced  the  amphibious  commander'.-' 
decision  threshold  to  60$  (equivalent  to  a  four-fold  increase  in  defender 
fire  power).  Unfortunately,  the  level  of  superiority  of  the  amphibious 
Operation  (two-to-one  order  of  battle  ratio  superiority)  over  the  defe-se 
was  insufficient  in  the  face  of  heavier  fire  power  to  gain  the  objective 
of  the  operation,  that  is,  a  successful  amphibious  landing.  Increasing 
the  order  of  battle  ratio  superiority  of  the  anphibious  operation  to  four 
to-one  over  the  defense  achieved  victory  for  the  landing  fofee,  but  it  ala 
had  the  surprising  effect  of  raising  the  air  mobile  threshold  back  to  9^ 
Finally,  cmly  the  amphibious  operation's  air  mobile  force’s  fire  power  was 
perturbed  upward  relative  to  the  fire  power  of  all  other  battlefield  units 
For  two- to-one  superiority,  it  Was  possible  to  reduce  the  air  mobile 
decision  threshold  to  70$  -  Still  not  compatible  with  real-world  doctrine. 
Again,  increasing  the  order  of  battle  ratio  in  favpr  of  the  landing  force 
to  four-to-one  causes  the  air  mobile  decision  threshold  to  return  to  the 
90$  level. 

Based  jipon  these  results,  one  might  ask  whether  the  commander’s  low 
air  mobile  decision  threshold  level  of  20$  to  30$  is  consistent  with  the 
optimal  achieving  of  the  amphibious  operation  Objective,  that  objective 
being  the  winning  of  the  battle?  What  the  mathematical  model  indicates  is 
that  the  air  mobile  mode  of  (quick  deployment  of  troops  is  not  as  effective 
as  the  time  sequencing  of  the  various  surface  assault  units,  which  in¬ 
herently  deploy  greater  fire  power,  unless?  either  almost  alL  of  the 
amphibious  force  can  go  via  the  air  mobile  mode,  or  the  assault  units  can 
move  about  the  battlefield  with  infinite  speed,  or  the  margin  of  victory 
(overall  superiority)  of  the  amphibious  operation  is  low  or  nonesistent. 
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Still  another  possible  interpretation  of  the  results  is  that  the 
mtheaatlcal  no  del  used  in  the  completed  study  vas  too  abstract  a  representa¬ 
tion  of  the  amphibious  operation  and  therefore  did  not  adequately  reflect  all 
the  important  paran^ters  affecting  the  outcome  of  the  battle.  Tbia  presumes 
that  a  more  realistic  presentation  Of  the  amphibious  operation,  taking  into 
consideration  parametric  effects  omitted  from  the  completed  study  because  the 
were  considered  of  second-  order  of  effect,  would  yield  results  more  epnpatibl 
with  reality.  Such  a  study  certainly  bears  consideration  in  yiew  of  the  im¬ 
portance  of  the  information  potentially  available  from  the  mathematical 
models  and  techniques  demonstrated  by  the  completed  study. 
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II.  THE  AMPHIBIOUS  OPERATION 


A.  INTRODUCTION 

Atypical  fleet/air/ amphibious  operation  is  shown  in  Figure  2  Alius trat 
the  complexity  of  a  MEF  landing  operation  envisioned  for  the  early  1970  tiru 
period.  The  geographic  area  of  involvement  is  over  a  hundred  thousand  squar 
miles,  both  on  land  and  sea.  The  initial  assault  includes  a  beachhead  land¬ 
ing  which  contains  the  bulk  of  the  total  MEF  and  a  vertical-envelopment  in¬ 
land  landing  designed  either  to  secure  the  beachhead  or  to  achieve  some 
objective  that  will  aid  in  successfully  getting  the  total  force  ashore..  O'- 
the  beachhead  is  secure  and  control  of  the  air  accomplished,  command  is  tra\ 
f erred  ashore  and  inland  objectives  are  pursued.  The  area  of  involvment  in 
establishing  the  beachhead  depends  upon  the  nature  of  the  threat  and  the  geo 
political  environment.  The  beachhead  and  its  geographic  neighborhood  (show 
by  the  dashed  area)  can  he  as  low  as  600  square  miles  in  area  for  a  non¬ 
nuclear  threat,  and  as  high  as  2500  square  mileB  for  a  nuclear  threat  (or  a 
high  probability  of  such  a  threat).^ 

Air  warfare  such  bb  interdiction,  air-to-air/ground,  surveillance,  etr . 
extend  beyond  the  neighborhood  of  the  beachhead  for  at  least  a  radius  of 
300  n.  mi.  Air-to-air  detection,  acquisition,  and  kill  extends  another  150  1 
Surface-to-air  missile  systems  will  be  deployed  on  the  beachhead  with 
effective  ranges  up  to  50  n.  mi.  The  MEF  vertical  envelopment  activity  ranger 
are  up  to  25  n.  mi.  beyond  the  beachhead  area.  This  distance  can  be  extender 
to  50  n.  mi.  under  exceptional  circumstances.  The  Naval  shlp-to-shore  fire 
support  includes  guns  and  missiles  at  ranges  from  10,  20,  40  and  even  perhapr 
to  75  n.  mi.  inland  from  the  beachhead.  Figure  3  Bumnarizes  the  geometry  of 
the  battlefield  as  visualized  in  reference  4. 


B.  PROBLEM  DEFINITION,  FORMULATION,  AND  SYNPOSIS 

Based  upon  a  simple  scenario  derivable  from  Figure  2,  the  following 
problem  has  been  abstracted: 
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Figure  3 .  Geometi 


An  amphibious  landing  force,  x,  at  sea,  is  to  assault  a  limited  area 
defended  by  a  force  y.  The  landing  force,  x,  is  to  be  split  up  into  air 
mobile,  x  ,  and  a  surface  mobile,  x  .  The  defending  force  y  in  turn  commit: 

t*  s 

its  defense  by  allocating  ^  ;  1  s  1  to  2  of  its  force  to  each  element  of  x 
»  1.  ' 


Where  2 
>~ 


1=1 


\i 


The  questions  to  be  asked  are: 

a)  What  allocation  for  forces  should  each  side  use  against  the 
other  during  the  ensuing  engagement? 

b)  What  is  the  mathematical  structure  of  the  tactical  decisions 
made  by  both  sides  (as  defined  by  a)  as  a  function  of  initial 
conditions  (e.g.,  force  levels  (x,  y)  at  time  t  =  o)  and  con¬ 
straints  (e.g.,  spatial  and  temporal  limitations  when  allocatl" 
forces  )  (? 

c)  How  does  the  analysis  relate  back  to  the  real  world  in  terms  of 
logiBtics,  equipment,  force  levels,  operational  plans,  etc.? 

To  abstract  the  analytic  nature  of  combat  during  an  amphibious  operat' 
from  a  scenario  baaed  upon  the  above  descriptive  analysis,  one  is  tempted 
at  first  to  start  simply  with  a  "Lanchester  Equation"  model  approach.  This 

O 

model  is  by  far  the  oldest  analytic  approach  to  land  warfare  and  has  great 

flexibility  In  its  generalised  form; 

The  form  of  the  Lanchester  Model  which  seems  applicable  is 


-  by 


a  -  ax 
at 

x(o)  =.xQ 

y(o)  -  y0 


whore  x^,  y  represent  the  force  levels  of  both  olden  at  time  b  =  o  and  a,  b 
reflects  each  side's  normalised  rate  of  attrition  of  the  opposing  side.  Lauchen 
Square  law  can  be  deduced  .from  (l)  by  talcing  the  ratio  of  the  two  differential 
equations  and  integrating. 


dx  by 
dy  “  ax 


(2) 


At  this  point  it  might  be  useful  to  test  the  above  square  law  relationship 
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with  some  of  the  available  data  on  past  battles.  Weiss  has  indicated  that 
reasonable  agreement  with  Lanchester's  Square  Law  exists  for  the  Pacific  Island 
Campaign  of  World  War  II.  In  this  paper  eleven  island  campaigns  were  analyzed 
in  terms  of  United  States  and  enemy  strengths  before  the  operation  and  total 
losses  after  the  islands  were  successfully  taken.  In  each  campaign  the  United 
States  initiated  the  action  with  superior  forces  and  if  Lanchester's  Square  Law 
were  applicable  certain  characteristic^  of  the  outcome  of  the  battle  can  be 
deduced  from  equation  (4).  If  one  rewrites  equation  (4)  as  follows: 


(yQ  -  y)  (yQ  +  y) 


(5) 


for  the  factors  on  the  left  hand  side  can  be  definable  in  real  world  terms.  For 
example. 


is  the  casualty  ratio  at  time  t 


is  the  average  force  ratio  from  the  start  of  battle  to  time 


is  a  constant  representing  the  average  fire  power  ratio 
between  sides. 


If  one  converts  the  battle  statistics  available  in  Table  I  of  reference  % 
to  the  above  ratios  and  inserts  these  ratios  into  the  following  logarithmic 
version  of  equation  ( 5) 


log 


y0  -  y] 

+  log 

fyQ  + 

xo  ‘  Xi 

i  x0  + 

0  i 

\  0 

=  constant 


(6) 


the  plot  shown  in  figure  §  results.  The  dispersion  of  all  the  battle  points  does 
reasonably  confirm  the  minus -one  slope  of  the  line  defined  in  equation  (6). 
Assuming  the  validity  of  the  square  law  in  this  plot,  an  estimate  of  the 
superiority  of  the  attacking  forces  fire  power  over  the  defending  forces  fire 


power 


log  (£] 


can  he  made  by  noting  the  ordinate -intercept  of  the  band  about 

the  dispersed  battle  points.  This  intercept  varies  from  3  to  18  indicating  the 

extreme  variance  in  fire  power  superiority  over  the  enemy  for  different  amphibious 

operations  of  the  last  war.  This  begs  the  question  as  to  why  the  effective  fire 

power  varies  so  much  relative  to  the  defender.  Does  the  answer  lie  in  the 

differences  in  tactical  systems  employed  or  operational  doctrine  used,  or  the 

enemy  capabilities  encountered  etc?  Certainly  this  wide  dispersion  of 

relative  fire  power  found  in  real  world  situations  suggests  to  the  analyst  the 

importance  of  being  able  to  functionally  relate  the  specific  amphibious 

operational  characteristics  of  the  campaign  Buch  as  systems  employed,  military 

doctrine  used,  and  enemy  capability  encountered  to  an  overall  measure  of  effective 

ness  of  the  campaign.  This  type  of  analysis  Is  one  of  the  objective  of  this  study 

gr¬ 
in  another  plot  of  these  same  statistics  ,  United  States  loss^rajios  have 

been  plotted  (see  figure  $)  against  Order  of  Battle  Ratios  (b/R)< — |  y°"~y| 

indicating  the  effect  of  superior  forces  in  keeping  the  loss  ratios  low.  In 
fact  for  a  constant  defending  force,  the  attackers  absolute  loss  goes  down  when 
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Figure  4,  CASUALTY  VS.  AVELaCE  FORCE  DURING  BATT1 F  (ON  BOTH  SIDES) 
RATIOS  FOR  WORuD  WAR  II  PACIFIC  ISLAND  CAMPAIGNS 
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order  of  tattle  ratio  (— }  goes  up  if  the  square  law  is  applicable  to  the  situ 

Also  shown  in  figure  g>  as  solid  lines  are  some  theoretical  tattles  taken  from  o 

study  computer  runs.  These  tattles  were  defined  analytically  in  terms  of  Lanch 

Square  Law  and  the  results  show  en  amazing  similarity  to  the  actual  island  camp 

The  reason  for  the  difference  between  the  two  runs  is  due  to  the  fact  that  each 

curve  is  based  upon  a  different  scenario  defining  the  amphibious  operation  batt 

Also  the  individual  campaigns  plotted  from  reference  j  represent  different 

scenarios,  however,  their  scatter  on  this  particular  chart  does  conform  to  a 

characteristic  horn-shaped  channel  outlined  iby  ''the  •  Envelope'  lines  enclosing  the 
battles  shown  in  figure  5< 

Let  us  now  proceed  with  the  development  of  the  Lanchester  Model. 

Equation  4  indicates  that  the  normalized  attrition  rate  varies  inversely  as 
the  square  of  the  force  level.  This  suggests  the  following  transformation  wii i* 
will  allow  one  to  consider  a  force  level  and  its  attrition  rate  as  an  effectiv' 
force  level  only. 

x  t  x 

vr 


y - -  _z_ 

VT 


This  reduces  equation  (l)  to 


x(o)  «*  xq 

y <o)  B  y0 


(7) 


(s; 


m- 

We  are  now  in  a  position  to  relate  this  '<nodel  farmulatilon  directly  to  the 

scenario  of  the  amphibious  operation  described  above .  However,  before  we  describe 

the  mathematical  model  actually  programmed,  it  might  bo  useful  to  give  a  brief 

% 

mathematical  synopsis  of  this  model  utilising  the  above  notation  in  order  to 
indicate  the  overall  direction  of  the  analysis. 

Using  th?  dot  notation  for  time  derivatives,  the  amphibious  operation  can  be 
described  mathematically  by  the  following  equations! 


x&  =  -m 

X,  =  -  (1  -  p)y 


> 


w  - 


(1  -p)  y  =  -x 


x  a  xa  +  xs 


x(o) 

y(o) 


s  given  at  t  *  o 


(9) 


where  pj  o  ^  p  s  1  is  the  allocation  of  that  part  of  y'a  force  to  x&  and 

(l  -p)  to  x  ,  and  {  x  ,  x  }  represents  an  allocation  of  all  of  the  amphibious 
6  L  6  ft  J 

landing  force  x  to  either  the  surface  or  air  mobile  mode  of  attack. 

If  any  of  the  units  on  either  side  are  reduced  to  zero  during  the  battle, 
the  opposing  side's  remaining  allocation  against  the  vanishing  unit  will  be 
assumed  to  be  transferable  for  combat  against  the  other  Bide's  non-vanishing  unit. 
The  winner  will  be  the  side  that  survives  the  battle.  To  relate  force  levels 
and  normalized  attrition  rates,  the  following  scaling  laws  apply: 


The  model  actually  programmed  can  be  extended  to  include  x's  reserve  for- 
xr  which  can  be  thrown  into  the  action  at  some  later  time.  The  computerized  mi 
also  takes  into  consideration  the  differences  in  fire  power  available  to  x  when 
projected  through  a  vertical  envelopment  assault  or  via  a  surface  beachhead  lan 
That  is,  x's  Regimental  Landing  Teams,  RLT's,  are  projected  ashore  as  quickly  r- 
possible  with  the  heavy  ordnance  coming  after.  In  the  above  model  it  is  assume, 
x  has  many  units,  each  with  its  own  characteristic  fire  power.  The  greater  nor 

attrition  rate  a  as  associated  with  the  surface  force  can  only  he  projected  anl 

8 

at  a  given  rate.  The  vertical  envelopment  with  the  lower  attrition  rate,  a ,  v 
assumed  to  be  projected  ashore  instantaneously.  In  this  way  x  1b  faced  with  ex. 
allocation  choice  of  projecting  into  battle  low  fire  power  forces  x  at  a  high  . 

Q. 

( instantaneously }or  a  high  fire  power  force  at  a  much  lower  rate. 

It  is  felt  that  these  limiting  assumptions  are  justified  in  that  we  are  . 

cerned  only  with  the  essence  of  the  problem  at  this  stage  of  the  study;  that  it 

the  gross  outcome  of  the  battle  as  a  function  of  input  parameters  £  x(o);  y(o)  "[ 

decision  parameters  ^  xa(°)j  x8 (o ) ;  p  j-  and  constraints  ^  ag,  a&;  b;  time  to  ini 

battle  V.  Hopefully,  this  initial  analysis  will  develop  useful  insight  into  the 
•'  5 

structure  of  amphibious  operations1 BUch  that  more  significant  models  can  be  deve 
later  on. 

*  Summarizing,  equation,  (9)  represents  a  simple  model  of  an  amphibious  ope 
In  a  game  theoretic  context  which  attempts  to  relate  the  interplay  of  force  lev' 
allocation  decisions,  and  constraints  as  they  affect  the  outcome  of  the  battle, 
payoff  of  such  a  game  will  be  defined  by  the  solutions  of  the  above  equations  as 
function  of  time  at  the  specific  time  when  one  side's  force  level, 'Is,  bithef/redu 
to  zero  of  any  finite-  letel.o  The  reflSininfe:  iBide  1,s  force'  level  ±*bcesents  the  va 
the  game,  positive  to  blue  if  the  winner  and  negative  to  blue  ii  the  loser.  TMi 
celled  a  zero  sum  two  person  game. 


Another  possible  zero  sum  two  person  game  based  upon  the  above  model 
could  be  constructed  by  defining  the  payoff  function  or  value  of  the  game 
as  the  time  t*  it  takes  to  complete  the  amphibious  assault) ..either.-. successfully  or 
successfully.  That  is,  the  time  it  takes  to  reduce  the  opposing  side  either  to 
zero  or  any  predetermined  level.  This  tL  me  would  be  minimized  by  the  attacker 
(the  amphibious  landing  force)  while  the  defender  would  attempt  to  maximize 
the  same  time.  Strategies'  for  both  sides  defined  by  this  type  of  payoff 
function  could  have  a  realistic  interpretation  in  that  one  of  the  primary 
purposes  of  an  amphibious  operation  is  to  secure  a  beachhead  as  quickly  as 
possible  such  that  the  main  body  of  attacking  forces  can  be  placed  ashore 
safely.  The  defending  forces  will  attempt  to  hinder  the  amphibious  landing 
force  as  long  as  possible, such  that  superior  reserves  deployed  elsewhere  can 
be  brought  to  bear  upon  the  attacker  while  he  is  in  the  vulnerable  position 
of  attempting  to  establish  a  beachhead.  While  it  is  true  that  the  attacking 
amphibious  force  would  never  knowingly  go  into  an  area  under  an  adverse  force 
posture,  it  is  also  true  that  if  the  defender  knew  the  location  of  the  beach¬ 
head  in  advance  and  martialled  all  his  forces  against  this  beachhead,  the 
attacker  would  be  under  an  extreme  disadvantage  in  concluding  the  landing 
successfully.  Since  the  defending  force  is  unaware  of  the  landing  point 
because  it  is  kept  secret  by  the  attacker  and  the  attacking  force  further 
hinders,  the  ability  Of  the  defender  to  obtain  this  secret  by  employing 
deception  tactics,  such  as  false  landing  starts,  etc.,  the  defending  force 
is  forced  to  keep  troops  in  reserves.  This  makes  it  possible  for  the 
amphibious  landing  force  to  gain  local  superiority  at  a  beachhead  provided,, 
the  time  between  committing  the  attacking  forces  and  securing  of  the  beach¬ 
head  is  lesB  than  the  time  necessary  for  the  defender  to  effectively  deploy 
his  reserves  against  the  known  landing  point  determined  by  the  actual  landing. 
'The  outcome  of  such  a  battle  using  the  above  model  can  then  define  the 
effectiveness  of  the  deception  techniques  employed  by  the  attacker.  The  model 
could  al3o  determine  the  relationship  and  value  of  fire  power,  mobility, 
dispersion,  reaction  time,  and  surveillance  to  various  proposed  deception 
techniques. 


Up  to  no iV  we  have  been  describing  the  mathematics  and  possible  use  of 
the  above  model  in  extreme  generality;  however,  before  we  get  involved  with 
the  actual  use  of  the  amphibious  landing  model,  we  should  describe  the  model 
as  it  was  actually  programmed.  Ihs  next  section  describes  the  actual  model 
from  the  mathematical  point  of  view,  and  Appendix  A  gives  the  detailed  computer 
program  used  to  implement  the  mathematics. 


C.  THE  AMPHIBIOUS  OPERATION  MODEL 
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1.  Introduc  bion 

In  the  construction  of  a  model  of  an  amphibious  operation  the  entire 
operation  is  first  formulated  as  a  complicated  abstract  process  in  the 
physical  world.  Certain  items,  such  as  number  of  battle  units,  force  Ic-vels, 
firepower,  etc.,  may  be  considered  as  inputs  to  the  physical  process  while 
other  items  such  as  casualties,  duration  of  the  battle,  etc.,  may  be  viewed  as 
outputs.  In  mathematical  terms,  the  amphibious  operation  is  an  "operator" 
with  the  physical  input  variables  as  its  domain  and  the  physical  output 
variables  as  its  range.  In  view  of  the  complexity  of  a  general  amphibious 
operation  and  the  extremely  large  number  of  contingent  possibilities  that  can 
arise  during  the  execution  of  any  individual  operation,  it  would  be  exceedingly 
difficult  if  not  impossible  to  completely  represent  the  operator  mathematically. 
Our  task  then  is  to  construct  a  mathematical  operator  that  is  an  approximation 
to  the  physical  process.  The  nature  of  the  approximation  is  determined  by  the 
uses  to  which  the  model  will  be  put  and  the  resultant  simplfications  that  can  Oe 
tolerated  without  materially  affecting  the  significant  results. 

As  the  purpose  of  this  study  is  to  qualitatively  determine  the  nature  of 
optimal  battle  strategies  under  very  general  conditions,  no  attempt  will  be 
made  to  abstract  the  analytic  nature  of  the  amphibious  operation  via  an  all- 
inclusive  model;  The  basic  unit  of  force  for  the  protogonists,  Blue  and  Red, 
will  be  taken  as  a  battle  unit  and  the  battle  as  a  whole  will  be  viewed  as  an 
aggregation  of  local  conflicts  among  individual  battle  units.  Bius,  at  any 
one  instant  of  time,  we  need  only  consider  a  Beries  of  relatively  simple  local 
conflicts  to  determine  the  state  of  the  battle  as  a  whole.  Since  we  will 
assume  that  the  dynamics  of  any  local  conflict  are  governed  by  Lanchester’s 
Equations,  the  only  pertinent  information  is  the  composition  of  the  local 
conflicts  and  the  force  levels  and  attrition  constants  for  the  individual 
battle  units.  This  information  why  be  summarized  in  a  list  of  the  following 
form; 


Unit 

R1 

R2 


Faroe  Level 


H'  Afetrlttoibrftte 


« 


n 


ft 


Ri 

Local  Conflict  Mo.  1 

B1 

B2 


BJ 

Ri+1 

Ri+2 


Rk 

Local  Conflict  No.  2 

Bj+1 

BJ+2 


etc 


The  composition  of  the  local  conflicts  will  he  determined  by  giving van 
Opponent  Priority  List  (OPL)  for  each  battle  unit.  In  order  to  reduce  the  com¬ 
plexity  of  the  computer  program  that  implements  thls^model,  the  decision  was  made  b 
limit  the  OPL  to  two  levels*  the  first  priority  opponents  and  the  second  priority,'.' , 
opponents .  The  following  behavior  is  theh  postulated  for  the  individual  battle  uni 

””  ’’.x-  b 

ROLE  1: 


RULE  2: 


ROLE  3: 


RULE  4: 


since  a  unit  can  be  drawn  into  a  given  conflict  in  many  ways  -  by  attacking  an 
opponent  who  is  involved  in  that  conflict,  by  being  attacked  by  an  opponent  who  is 
involved  in  that  conflict,  or  by  sharing  a  common  direct  opponent  with  an  ally  who 
is  involved  in  that  conflict. 

In  general,  the  application  of  Rules  1  and  2  and  the  repeated  application 
of  Rules  3  and  4  will  completely  determine  the  composition  of  all  the  local  conflic 
(A  formal  proof  can  be  constructed  that  shows  that  Rules  3  and  4  nfcfcd  only  be  appli 
a  limited  number  of  times  and  that  a  Unique  splitting  up  of  the  units  into  local 
conflicts  results.  The  proof,  which  will  be  omitted  here,  rests  on  the  fact  that  t 
above  rules  define  an  equivalence  relation  on  the  set  of  all  units  and  this  relatio 
completely  partitions  the  set  into  equivalence  classes.) 

Within  each  local  conflict,  the  progress  of  the  battle  may  be  measured  by 
means  of  Lanchester's  Equations.  These  differential  equations  can  be  solved 
analytically  and  evaluated  to  determine  the  force  levels  of  any  unit  in  a  given  loc 


A  battle  unit  will  seek  to  engage^  his  first:  frioriiyjcpponents  if  they 
havqjhot  been  already  eliminated  from  the  battle.  naaiiC is^engaged _ . 

with  an  oppeg^nty.-phat  opponent  is  termed  a  direct  opponent  of  the  "given.  . 
unit. 

If  a  unit’s  first  priority  opponents  have  been '  eliriiinatedj  -  he  will, 
after  a  specified  time  delay,  seek  to  engage  his  second  priority 
opponents. 

Any  two  units  that  share  a  common  direct  opponent  are  considered  to  be 
battle  allies. 

All  the  direct  opponents  of  a  given  unit's  battle  allies  are  taken  to 
be  additional  direct  opponents  of  tbe  unit  itself. 

These  rules  offer  a  great  flexibility  in  the  determination  of  the  conflict 
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conflict  at  any  ..time  in  the  future,  as  long  aa  the  haaic  congositlon  of  tha 
conflict  remains  unchanged.  Once  the  basic  composition  changes  the  coeffii 
of  the  differential  equations  change  and  the  original  analytic  solution  is  i 
valid.  At  this  point  we  mist  redetermine  the  composition  of  the  local  conT 
calculate  the,  new  coefficients  for  the  differential  equations,  and  begin  a  j 

r 

of  analytic  solutions  to  continue  where  the  old  ablutions  left  off. 

The  composition  of  a  local  conflict  can  be  changed  one  of  two  ways-.; 

.  % 

1.  a  unit  is  added  to  the  battle 

2.  a  unit  Is  eliminated 

The  specification  of  a  time  of  arrival  for  each  unit  determines  the  time  at 
unit  is  added  to  the  battle.  A  single  time  of  arrival  is  given  since  it  is 
that  once  a  force  is  committed  to  the  battle  it  will  not  be  withdrawn  ani.  ’■ft 
at  another  time.  Once  a  unit  is  added,  it  of  course  seeks  out  its  opponent 
lng  to  Buies  1  and  2. 

The  elimination  of  a  unit  occurs  when  its  force  level  drops  below  e 
specified  miry! mum  force  level.  The  time  at  which  thiB  takes  place  can  be  dr 
by  inverting  the  analytic  solutions  of  the  differential  equations  and  solvi? 
time  a#  a  function  of  force  levels.  This  inverse  solution  has  several  possi 
depending  on  the  coefficients  and  Initial  valueB  of  the  differential  equstioi 
These  solutions  are  given  In  detail  in  the  next  section.. 

After  all  the  first  priority  opponents  of  a  given  unit  are  eliminate 
specifies  a  time  delay  before  that  unit  may  engage  its  second  priority  oppone 
(The  rule  also  applies  if  the  first  priority  opponents  have  been  eliminated  5 
the  unit 's  time  of  arrival. )  nils  delay  factor  is  intended  to  reflect  the  ge 
graphical  location  of  the  units  and  their  relative  mobilities. 

In  Buamary,  the  following  items  are  the  necessary  input  parameters  f 

unit! 

1.  initial  force  level 

•  2.  minimum  force  level 

3.  attrition  constants 
time  of  arrival 


5.  time  delay  factor 

6.  first  priority  opponents  li 

7.  second  priority  opponents  1 


87. 


The  application  of  Rules  1,  2,  3  and  4,  In  conjunction  with  the 
preceding  items,  determines  the  composition  of  the  local  conflict* 
while  XancheBter's  equations  give  the  force  level  of  each  of  the 
units  as  a  function  of  time  and  indicates-;  the  '.time  at  which  a  unit 
is  eliminated. 

As  analytic  methods  are  used  throughout  and  no  time-step 
simulation  is  utilized,  this  furnishes  us  with  an  extremely  rapid 
means  of  determining  the  expected  outcome  (or  "payoff")  of  the 
tattle  determined  by  the  given  battle  plans  and  initial  force  levels. 

If  various  elements  of  the  battle  plans  and/or  initial  force 
levels  are  considered  as  parameters  ve  thus  are  in  a  position  to 
generate  trade-off  tables  showing  the  effect  of  a  variation  in  one 
or  more  of  the  parameters,  for  example,  the  degradation  of  payoff 
due  to  increased  time  spacing  of  the  various  landing  groups. 
Furthermore,  game  theoretic  techniques  may  be  used  to  simultaneously 
optimize  the  choice  of  parameters  for  both  the  attacker  and  defender. 


of  Lancheeter 'a  Equations  to  Local  Conflicts 


As  outlined  in  the  previous  section,  Lanchester's  Equations  are  u 
to  measure  the  force  levels  of  any  unit  at  any  given  time.  -  It  should 
again  noted  that  the  application  of  these  equations  depends  upon  the 
various  coefficients  of  the  differential  equations  regaining  constants 
To  Insure  this,  ve  have  specifically  assumed  that  the  composition  of 
the  local  conflict  remains  unchanged  during  the  time  period  to  vhich 
ve  are  limiting  ourselves. 

For  the  sake  of  simplicity  in  the  following  discussion  ve  vill 
begin  hy  assuming  that  the  local  conflict  occurs  between  two  individua 
battle  units,  A  and  B,  on  opposing  sides  and  then  generalise  to  a 
larger  number  of  units.  The  force  level  of  each  unit  vill  be  termed 
nA  and  tig  respectively  and  the  attrition  rate  by  aA  and  .The 
familiar  Lancbester  equations  governing  this  simplified  combat  are; 


*A 

*B  "  '  *A  nA 

vheh  the  dot  notation  la  used  to  denote  differentiation  vith  respect 
to  time.  These  simultaneous  equations  may  be  solved  to  give  nA  and  n^ 
as  functions  of  time: 

nA(t)  *  nA(to>  C08h  nB(to)einb  iff*  tt_to]) 

-  «b^0)  C08h  (</SASBlt"toj)  *  ^  nA  (to)8inb  0vB  U“t01) 


In  general,  however,  a  local  conflict  nay  have  more  than  a  single  unit 
each  side.  If  side  A  has  k  battle  units  Involved  and  side  b  has  t,  battle  units 
volvsd  we  may  identify  the  forces  levels  as  n^,  n^,  . . . ,  n^,  Ugl,  n^, . . » ,  n^ 
the  attrition  rates  as  a^,  a^g,  a^,  •02,...,aB£  For  simplicity  sake, 

may  assume  without  any  loss  of  generality,  that  the  subscripts  are  assigned  in  ' 


a  manner  that 


aAl  *  aA2  * 


Under  these  circumstances  It  can  be  shown  that  optimum  behavior  on  each 
side  demands  that  fire  be  concentrated  on  unitB  A1  and  Bl.  (it  is  recognized  tb 
this  type  of  behevior  does  not  occur  in  practice.  It  1b  felt,  however,  that  .‘hi 
optimum  behavior  postulated  here  offers  a  sufficiently  close  approximation  to  i,* 
for  our  purposes.  If  subsequent  investigation  should  prove  this  not  to  he  corrt, 
then  an  alternate  scheme  of  behavior  could  easily  be  postulated. ) 

She  differential  equations,  in  this  case,  become: 

**1  -  -  VV  -  E  •»  V  ' 

c  1=2 


(for  j  -  2,je) 


“Bl  "  "  *A1  nAl  "  ^  fcAa  aA* 

or2 


(for  p  =|2,k) 


(1 


Equations  (8)  and  (10)  indicate  .that: 


"  nA^V  *for  J  "  M) 

^(t)  "  “bs^o^  (for  8  “  2>k) 

and  so  equations  (7)  and  {9)  can  he  represented  in  the  fora: 

*A1  *  -  *B1  nIft  +  r 

fiNl  *  '  aAl  nAl  +  0 

vhere  r  and  s  are  both  constants: 

t 

r  "’I  °Bi 
1=2 
k 

8-‘E  8 tonKX 

9= f 

The  general  tine  solutions: for  the .force'  levels  become; 
l)  If«A1>0«nd»B1>0 


0 


31. 


2)  If  &A1  or  a^  - 


nAl(t)  M  “  “T  a(t‘to)  "  aBl  nBl(to>“r  +  nAl<V 


(1^ 


The  equations  for  n^t)  are  identical  in  fora  to  equations  (13)  and 
(14)  above,  with  the  subscripts,  of  course,  being  reversed. 

For  the  purpose  of  determining  the  "time  to  elimination",  the 
inverse  solution  of  the  above  equations  are  needed.  These  are: 
l)  If  a^  «  0  and  r  <  0: 


t  «  t  + 
o 


nAl  *  nAl(tO> 


2)  If  a_^  -  0  and  r  3t  0; 

no  solution  exists;  i.e.,  t  ■  •* 

3)  If  a^  «  0  and  s  »  0  and  r  <  nKL(tQ): 

,  .  °tl  •  °A1<V 

4)  If  a^  ■  0  and  a  ■  0  and  r  ft 

no  solution  exists;  i.e.  t  «  « 

I 

5)  If  a^  ■  0  and  s  >  0  : 


(15 


(If 


♦Nj(»B1nB1(t0)-r)2+2aB1.(flA1(t0).n,1)  ^ 

t  ■  t-  +  . . . . . .  . —  . * . . ■■■■■—' . 

aBl* 


6)  »ai  *  0  and  »  <  0  and  r  >,  » \]  *  8*B1»  (nAi^o^n«i^  * 


B1  1  Al’  o'  ilJ 


no  solution  axlatnj  &»•*,  t  *  ♦* 


T)  If  a^  «  0  and  »  <  Q  wd  r  *  -  \|-  * 

*  _  *.  ,  jj^aVV  •*•  gaBl,tn«l^0)"nAl3 


t  *  t  + 
0 


no  solution  exists;  t 


D.  PROBLEM  I 

1.  Introduction 

To  illustrate  the  methodological  techniques  for  handling  an  amphibious 

ing  situation,  a  specific  problem  will  be  investigated  (see  Figure  6) •  An  ampl 

landing  force  3,  at  sea,  is  to  assault  a  limited  area  defended  by  a  force  R,  i 

ing  force  is  to  be  split  up  into  three  surface  mobile  elements  B^,  Bg,  B^  and  < 

mobile  element  B^,  each  of  which  is  to  Initiate  action  sequentially  in  time,  v  > 

elements  are  projected  ashore  sequentially  in  time  with  the  first  wave  consists 

infantry  battalion  type  units, designated  B^,  then  a  short  time  gt  later  more  ii 

plus  close  support  artillery  type  units,  designated  Bg,  and  finally  after  anot-; 

Increment  gt  eppe  pore  infantry  plus  a  tank  section  designated  By  The  air  mo> 

elements  consisting  of  a  vertical  envelopment  team  of  infantry  and  close  suppe. 

artillery  units,  designated  as  B^,  which  are  projected  instantaneously  inlano  ; 

tance  d  from  the  beach  (see  Figure  q‘)  at  the  same  time  arrives  across  the  be 

The  relative  fire  power  of  these  four  elements  of  blue  are  assumed  to  be  in  the 

lowing  ratio:  Bg:  B^s  B^s  1.0:  2.0:  4.0:  1.5.  The  red  defending  fore*,  n 

turn,  commits  Its  forces  either  to  the  beach  (designated  R^),  to  the  airlmoblli 

(designated  Rg),  or  to  both  at  the  same  time  3^  and  B^  are  deployed.  The  relai 

firepower  of  these  two  elements  of  red  are  assumed  to  be  equal  to  blue's  maximu 

B3:  Eg1  1,0:  ls^:  Rote  (from  Figure  <?)  that  each  element  of  blue  an^ 

has  a  predetermined  battle  commitment'-  time  which  reflects  the  amphibious  land: 

force  logistic  constraints  (Reference  4),  This  time  of  commitment  is  symbolizei 

the  clock  next  to  each  element  In  Figure  <?.  Also,  take  note  that  the  ensuing  b< 

takes  plact  at  two  different  locations,  at  tha  beach  and  at  some  inland  point. 

model  developed  for  this  problem  reflect^  this  spatial  characteristic  of  the  bal 

by  defining  a  set  of  time  delays  'j1  which  applies  to  each  fo^ce  element  c 

battle  indicating  the  amount  of  time  required  for  each  element  to  traverse  this 

tance  if  required  to  do  so  during  the  course  of  the  battle.  Whether  an  element 

* 

verses  this  distance  depends  upon  whether  the  force  element  ha3  an  opponent  to  { 
during  the  Initial  allocation  of :  forces  and  successfully  destroys  the  opponent  t 
that  any  new  fighting  opponents  can  only  be  reached  by  traversing  the  distance  d 
shown  in  Figure  6.  If  a  force  element  does  not  have  an  opponent  initially  at  it 
particular  .point  on  the  battlefield  then  the  time  delay  will  denote  the  time 
necessary  to.  meet  an  opponent  located  at  the  other  point  on  the  battlefield.  Ha 
this  time  delay  reflects  the  nubility  characteristics  of  the  w  ' fcs  involved  and 
sents  an  important  trade-off  parameter. 


s 


Figure  6.  THE  AMPH3BICKJ3  LAUDING  HOED. 


ANridtur  write  t  of  ihUw  j  jmk  ibhaatad  in  Piftn in  0  if  tan  foot  tjm$ 
tl#Uig  ala— at  km  a  priority  lift  of  »»i»>nlt«  fkia  wm  tank  t—gy  #1#* 
nln— att  1—  itn  fink  yrloflt^r  cppoaaat  Mali  *pc*  t)M  mtioe  If  ww*tfaf*Vi]r  4 
I date#,  it  cna  tk*&  ntteek  a  ytlaflnaf,  —eon#  priority  op^wrat.  Sa  foul  mm 
fi£fctlag  alaaaatn  am  placed  In  position  to  protect  tb*  flank*  of  an  operation, 
no  priori  ty  in  ntni**#  in  wklcit  eon*  fipatin*  initintM  only  vh*n  the  oppotJlNE 
priority  iniUaUa  tin  kktlt  aetloa  agnlaat  tb*  flank. 

9*  f*Jxo«tiuE  «w«Uom  nr*  jartinwtt  to  tb*  above  profcla*  d**aript4e»5 

a)  that  in  tk*  nat— tlo*l  ntroetur*  of  the  tactic*!  decinioa*  and* 
by  kotik  aid—  in  MlMtlnc  tb*  action  variable#  auch  «*  aurfcer  of 
f— •»  tin*  delay*,  battlntt—  eoawitwaata,  pricrltle*,  etc.? 

b)  Sn*  do**  thin  typ*  ®f  —  a—lyal*  feint*  back  to  the  real  world? 

«}  —  ailawritlaa  of  lam an  «to*XA  «aeh  aid*  uu  in  Initiating  tb* 
battlr?  *.«.  S£a»'n  allocation  in  that  of  deploying  Ita  total 
wait*  an  tb*  b—rib  nwd/ar  inland  location*  and  r*d’»  total  unit 
aOUUManuaa  la  tWwt  mt  —fa— lag  tb*  b»*cb  and/or  aUyin*  In  the 
max'  a*  aabNff  *a*  imtltal  aawalnpMnt  attack.  Both  aidee  mtt- 
nal «  am*  *11— i—  pw*u**ti**ly» 

*t  W«ak  «a»  — *w—  bad/  *—  —pfribioa*  lasting  force  adhere  tb 

la  IclvUtfUag  it*  <\a»»li  in—  taafct.t? 

9a*  ai—m—wk.  Japan  — rtabl—  b*  bb*  aaM.  baaed  upon  the  ntcve  tnr:» 

•1  «nhar  «C  b—U*  k— *  «  tb*  brtnl  ******  *>t  troop*  each  tide  hat 
—II —It  ftar  ¥**  *ft—a  U*>. 


b)  fkbPWMg  -  *«w*  tipfc&aft  itafnfct.Nk  hm  of  bill  per  — n  itv  h  a.v. 

t)  pm  ***—4—  if  —lift  ft—n  lift  batila 
*}  iMft  fMltiM 

m  ******  mm i  wwm  w 
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criteria,  that  vill  be  i&sed  to  determine  the  optimality  of  the  strategies  vill ! 
.mdn  Mt  payoff  for  red  end  max  min  payoff  for  blue.  When  min  max  equal*,'  max  s 
pure  solution  exists  aad  the  payoff  corresponding  to  this  pare  solution  is  cal' 
value  of  the  game.  If  no  such  equality  exists,  then  it  can  be  shewn  that 
min  and  the  only  way  to  get  equality  is  to  redefine  the  payoff  function  as  an 
value  of  survivors  with  the  players  picking  their  strategic  variables:  (i.e., 
total  forces  allocated  to  air  mobile  and  defending,  against  air  mobile}  accord! 
probability  distribution.  Decisions  made  in  this  manner  are  called  mixed  str$ 
usually  represent  marginal  strategies  for  the  side  having  to  employ  them*  Fr~ 
tactical  system  design  or  requirements  point  oi  view,  one  would  never  knowing^ 
a  a  amphibious  operation  against  a  defending  force  which  depended  upon.  a  •mixed 
to  gain  the  objective  of  the  operation.  This  would  be  tantamount  to  having  . 
order  to  achieve  success.  Whareas  the  logical  plan  for  an  amphibious  operator 
to  land  with  overwhelming  superiority  and  allow  any  advantage  accrued  by  the  a 
of  secrecy  in  initiating  the  operation  to  compensate  for  faulty  threat  inteli 
estimates,  acts  of  God  (e.g.  bad  weather  that  is  unpredictable),  etc.  To  det . 
Just  what  constitutes  overwhelming  superiority  in  planning  an  amphibious  open- 
just  how  much  can  one  degrade  this  superiority  and  still  achieve  objectives  to 
certainty  is  one  of  thfe  objectives  of  this  study.  The  techniques  employed  t- 
these  types  of  questions  will  be  the  subject  matter  of  thic  section. 

2.  DlscuSslon  . 

90  obtain  the  gMW- theoretic  solution  to  the  amphibious  operation  desc 
above  (see  Figure  |j<)  we  first  eospute  the  mathematical  surface  representing  tt 
of  all  possible  allocations  for  both  Hides  (figure  $).  Then  we  tag  the  minimi 
row  and  ths  — of  each  column  shown  respectively  as  rectangles  and  elips* 
Figure  i-  Blue,  the  attacker,  will  select  the  maximum  of  the  minimums  tagged 
rows  while  red,  the  defender,  will  select  the  minimum  of  the  maximum  tagged  i 
columns The  point  on  the  grid  (sea  Figure  $)  In  which  the  maximum  of  the  mit 
off  and’  ths  minimum  of  ths  payoff  occurs  is  the  same  point  and  the  v&. 

gams  is  defined  as  the  number  of  survivors  of  blue/ red  (positive  for  blue,  net 
for  red)  located  at  this  point  on  the  surface.  The.  strategies  associated  wltl 

t 

point  are  pure*  In  most  cases  the  min  max  *  max  min  solution  occurs  at  corner 
the  matrix. 
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Once  the  value  of  the  gut  and  associated  decision  variables  arc  iincva  wit 

constraints,  the  solutions  date  mined  frost  natural  diaoontlaultlas  of  the  surface 
generated.  This  Is  acccagllshed  by  placing  a  oorstralat  raster  first  on  blue's  st 
lias  stsrtiag  frots  the  100*  alloc et ion  decision  level  and  moving  the  raster  toward 
the  0)1  allocation.  For  each  placement  of  the  raster  the  aetrlx  is  solved  tor  the 
ain  aax  ■  sax  sdn  solution  in  the  seas  wanner  as  outlined  above  on.  *  for  the  parti 
aatrlx  (see  figure  9)  consisting  of  blue's  strategy  lit*  fro*  0*  allocation  to  the 
raster  and  red' a  unrestricted  strategy  line.  This  aub-cpti*ns  solution  to  the  gu 
le  then  related  to  the  placement  of  the  raster  by  noting  uhen  the  solution  chsnga  - 
abruptly  as  the  raster  aoves  fro*  100*  to  0*  allocation.  For  example,  if  blue's  u 
restricted  strategy  is  to  allocate  100*  of  the  fighting  elements  to  the  air  s»bile 
or  vertical  envelopment  decision  the  raster  is  then  placed  under  the  90*  level  re-, 
ing  blue’s  strategy  from  0*  to  90*  and  the  solution  to  this  restricted  game  is  not 
If  the  optima*,  solution  is  the  90*  allocation  of  the  fighting  elements  via  the  *T 
■obit*  sods  decision,  then  this  la  considers!  to  be  no  change  in  the  basic  srrattY 
that  is,  the  restricted  (asm  still  rtsnsnrts  that  blue  send  all  his  fighting  units  u 
soblle  even  though  blue  is  restricted,  by  ths  90*  allocution  level.  After  this  det 
*1  nation,  the  raetar  ia  then,  smi  to  the  80 *  allocution  level  and  the  restrict 
game  again  solved.  If  the  solution  yields  the  80*  allocation  level  decision  the  ; 
is  moved  to  the  TO*  level,  etc.  Xn  sort  eeeea  during  this  process  of  methodically 
constraining  blue's  decision  level  thft  g*se  theoretic  solution  will  abruptly  chanj 
to  yield  an  optima*  decision  other  the*  the  —art  sms  possible  fighting  units  goinr 
sir  KHdle.  tee  position  of  blue's  eonstmi*  tester  when  such  an  abrupt  declaim 
bbture  is  then  reeurded  and  the  as  welshed  str«U«y  restricted  vithin 

this  peetitieued  uMi  is  celled  a  natural  etrehagie  diaeoutiuuity  level.  *n> 
physisil  MHMiaft  ef  sush  suhHftiwM  stwdef'ies  is  thst  if  for  any  physical  reason 
bill*  eeeaet  send  100*  ef  hie  tam  air  while  (the  optimal  policy),  at  vhat  level 
e*  deeislsn  seMtndsd  wet  blue  ffcesgs  hi*  teetiea  ssspletely  eowerr ting  a  given 
ntmtm,  the  antewl  rttftsfit  diseentiswity  level  mprmnts  a 
IftTHMld  In  blue's  tMi Mag,  shew  *1*  Hue  eiU  ettask  in  ths  vertie< 

sndeeith  all  %m  fttfrtiac  Hl->i  h*  physically  sag  «et  sir  nobils, 
**  *»  *U  set  f4m  mb  eptUnei  strategy  based  upon  the  elution  of  tv 

partitiees#  w*ri* ,  tm  mm fie  if  this  ttoesteld  free  the  reel  world  v.uU  be  ths 
•i.ustse  ef  a  MMNhf  m  te  vend  m  Hr  eebtls  strihe  in  support  '.if  m  across. 
'»***  **sretie*  if  he  Mt  that  the  Hr  nettle  feme  **U  -  *  be  able  to  act 
n  fighting  nstt  daring  tne  aims  eseessssy  for  the  mts  bwfc  '  forces  from 
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The  major  inputs  to  the  model  ere  represented  by  the  columns.  All 
in  this  analysis  is  the  fact  that  each  fight  in*  element  has  a  second  level  opt 
■sans  that  the  surviving  element  after  an  engagement  on  the  battlefield,  is  cor* 
seek  out  a  nev  opponent  as  opposed  to  staying  put  waiting  for  an  enesy  element 
from  another  section  of  the  battlefield.  In  this  vay  mixed  (or  asyaaetric)  ob 
will  n  t  be  an  influencing  factor.  In  other  vordc  the  payoff  function,  i.e. , 
of  survivors,  will  reflect  active  combat  on  both  sldea. 

b.  tte  Standard  Case 

The  standard  case  with  Inputs  shown  in  Figure  ID  was  analyzed  by 
Computer  Program  No.  AML04B  titled,  "Assault  Tactics."  A  complete  descriptloi. 
computer  program  is  contained  in  Appendix  A  of  this  report.  Hie  results  of  th 
are  displayed  as  a  matrix  of  survivors  for  blue,  red  and  the  time  length  of 
as  defined  by  the  particular  allocation  for  each  side.  Bnugil.es  of  these  outi 
shown  In  Appendix  A.  The  game -theoretic  analyses  of  these  outputs  were  done  b 
and  displayed  in  the  form  of  a  aeries  of  graphs  placed  in  columns,  each  columr 
seating  a  different  natural  constraint  of  tha  problem. 

Flggre  Jlf  gives  tbs  p me- theoretic  analysis  of  the  standard  case, 
first  ooi*—  represents  the  unrestricted  play  of  the  game  In  that  the  atrateglc 
avail  able  to  both  sides  as potasses  tha  fbll  payoff  matrix  or  decision  surface. 
Independent  jMlsbls  Is  the  order  of  battle  ratio  (h/*0  which  reflects  the  degr 
superiority /hm  attacrlmg  force  initiates  the  amphibious  operation.  In  the  fir 
In  the  upfsr  left  hand  oomsr  the  sttsfeharb  optimum  payoff  (B-R)  in  terms  of  n 
survivors  (positive  for  bias  or  attacking  survivors,  negative  for  red  or  defend 
survivors)  is  putted.  The  defending  (red)  force  Is  kept  constant  at  5000  men  < 
attacking  (bins)  force  Is  allowed  to  vary  from  5000  to  20,000  men.  Note  that  l 
both  a  idea  are  reduced  to  ssro  at  the  same  time  for  the  optimal  allocation  (mix 
max  ala  crltarla)  of  foroes  on  the  battlefield.  This  order  of  battle  ratio  la 
attacker's  threshold  far  successfully  collating  the  operation,  l.e.,  the  attaci 
duclng  the  defender  to  no  survivors.  Barever,  an  inspection  of  the  actual  decli 
surfaces  (Figures  If  to  10)  reveals  that  ;.t  this  threshold  has  no  meaning  as  a  j 
factor  because  many  of  the  aoa*optlmum  choices  for  both  sides  vUJL  result  in  the 
attacker  not  achieving  his  Objectives.  In  other  words,  the  optima  allocation  d 
point  is  an  uaconservatlve  criteria  for  use  in  determining  the  evel  of  superior 
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the  attacker  must  plan  for  in  order  to  Guarantee  hiu  objective,  i.c.,  a  pobit 
off  value  for  the  attacker.  This  unconservatism  is  due  to  the  fact  that  in  t 
world  situation  intelligence  for*  both  aides  would  be  legs  than  perfect  and  op 
decisions  would  have  to  be  Judged  from  a  probabilistic  busis.  The  model  used 
study  assumes  both  sides  have  perfect  intelligence  which  is  certainly  not  the 
world  case.  However,  it  is  possible  to  use  the  results  of  this  run  to  deterr. 
proper  order  of  battle  ratio  for  the  attacker  which  is  independent  of  the  oi_. 
decision  mode  by  either  side,  thus  removing  the  intelligence  aspect  of  the  pi 
(i.e.,  attacker's  advance  knowledge  as  to  the  defenders  allocation  of  forces' 
can  be  done  by  determining  the  order  of  battle  ratio  above  which  the  payoff  .• 
decision  surface  always  stays  positive.  This  occurs  approximately  at  (e/h)  - 
represents  a  measure  of  the  amount  of  intelligence  indeterminancy  the  part’  • 
bious  operation  scenario  (in  this  cose  the  model  of  Figure  6)  contains.  The 
can  be  defined  in  this  case  by  the  increment  of  troops  necessary  to  guarantei 
success  of  the  operation  independent  of  intelligence,  i.e.,  from  an  order  <f‘ 
ratio  of  (e/r)  ■  1.4  to  2.3  representing  the  increment  of  forces  necessary  .  » 
perfect  intelligence  to  guarantee  success  of  the  operation  with  imperfect  in 
gcncc.  One  example  of  imperfect  intelligence  would  be  for  the  commander  of 
amphibious  operation  to  err,  based  upon  poor  surveillance  information  in  his 
of  the  defense's  allocation  of  forces  to  the  beach  and/or  reserves. 

The  next  graph  in  the  left  hand  column  of  Figure  11  represents  the  ti 

duration  of  the  battle  t*  based  upon  both  sides  optimizing  their  dccicicu.  var 

in  the  sense  defined  in  the  graph  above,  c.g.  (E/r)*  »  f(I^R).  Two  time  solu 

exist  because  red,  the  defender,  has  two  different  force  allocutions  which  yi- 

the  same  optimum  payoff.  Th>  following  two  chart  a  in  thiG  column  represent  b 

blue' a  and  red's  optimum  stre  ogles  as  a  function  of  (e/r)  for  the  unrcstrlct' 

of  the  game.  Blue,  the  attacker,  sends  all  his  assault  elements  in  the  uir  m 

mode  (R*  ■  1.0)  and  red,  the  defender,  either  defends  the  bench  with  nil  lit” 

at  the  time  the  battle  is  initiated,  or  stays  in  the  rear  with  all  his  force , 

attacks  all  of  blue'c  air  mobile  units  deployed.  If  no  blue  nlr  mobile  units 

deployed  (a  non-optimum  play  on  blue's  part),  red  traverses  the  distance  to  tl 

in  time  t.  nftcr  the  battle  is  initiated  and  attacks  blue’s  units  landing  on  1 
a 

beach.  If  red  defends  the  beach  and  blue  goes  10C;>  air  mobile  (optimum)  then 
battle  is  initiated  t^  hours  after  vertical  envelopment  touchdown.  Depending 
red's  optimum  choice  of  strategy,  the  length  of  time  of  the  battle  will  rcflei 
not  only  the  rate  of  attrition  of  both  sides,  but  also  the  possible  transport; 
time  between  both  points  of  t.he  battlefield,  i.e.,  between  the  beach  and  the  ; 
Iloto  that  ‘.'hen  both  sides  reduce  cacli  other  to  r.cro  force  stivngth  at  the  same 
the  time  of  •  'c  t*  goes  to  infinity  (see  figure  11).  This  is  a  consequence 
Irnche  iter's  1:4 rations  which  represents  a  mathematical  dlsroi.olnully  for  tills 


53. 

cular  solution.  It  can  bo  avoided  by  having  a  finite  lumber  or  percentage  of  sur¬ 
vivors  determine  the  pay  off  surface. 

Summarizing  the  above,  ve  can  say  the  left-hand  column  of  Figure  IT  re 
the  results  cf  the  unrestricted  optimal  play  of  the  game  betveen  blue,  the  attache 
the  defender  (defined  in  Figure  6 )  as  a  function  of  the  order  of  battle  ratio  para 
(b/R).  The  payoff  function  (B-R)  =  f(B/R)  indicates  that  an  order  of  battle  ra*. 

at  least |(B/R)  >  1.4)  is  necer-.i.ry  for  blue  to  achieve  ite  objectives  (reducing  ret. 
zero  survivors  while  blue  survives)  under  optimal  decisions  and  perfect  inteUiger 
both  sides.  It  was  also  implied  (Figures  12  to  Ifi)  that  a  (B/R)  >  2.3  was  necessa,. 
guarantee  the  objective  independent  of  the  strategic  decisions  made  by  either  sid 
perfect  intelligence).  It  should  be  noted  that  both  sides  had  complete  freedom  • 
decision  choice.  That  is,  blue  could  send  any  portion  of  its  forces  air  mobile 
to  the  fire  power  constraints  of  the  air  mobile  mode.  While  red  could  defend  tht 
and/or  inland  area  without  constraint.  This  is  called  the  unrestricted  play  of  t 
We  are  now  in  a  position  to  discuss  the  natural  discontinuity  levels  of  the  e-*  i-.- : 
decision  surface  for  both  sides.  These  are  indicated  in  the  next  three  columns 
in  Figure  11. 

c.  The  natural  Strategic  Discontinuity  Levels 

Based  upon  the  above  analysis,  we  would  like  to  pose  the  following 

question: 

To  what  extent  does  possible  real  world  constraints  affect  th**  output 
recorded  by  the  standard  case  solution  for  the  unrestricted  play 
the  game? 

From  the  mathematical  model  point  of  view,  real  world  constraints  such  as  legist: 
of  the  amphibious  operation  have  not  been  directly  programmed.  However,  inherent 
payoff  matrices  of  Figures  12  to  1<5  lies  mathematical  constraints  which  indicate 
sensitivity  of  optimum  strategic  decisions  made  by  both  sides  to  the  value  of  th 
function.  For  example,  in  the  second  column  of  Figure  11,  blue's  (the  attacker' 
strategic  discontinuity  levels  are  recorded  as  a  function  of  the  order  of  battl 
(B/R). 

The  third  graph  in  this  second  column  of  Figure  ll  illustrates  the  t 
mathematic \1  constraint  ve  are  talking  about.  This  chart  indicates  blue's  perce 
mobile  allocation  threshold  above  which  blue  must  deploy  to  the  air  mobile  mode 
for  the  air  mobile  mode  to  remain  the  optimum  force  allocation  or  decision  defir 
unrestricted  play  of  the  game  (the  first  column  of  Fig-are  11).  If  blue  in  att« 
play  optimally,  cannot  deploy  a  greater  percent  of  his  forces  to  the  air  mobile 
thiB  threshold  percent  indicates,  then  a  radically  different  strategy  is  called 


this  case,  blue,  the  attacker,  i»  forced  to  go  100Jt  acroie  the  beach  if  hie 
to  reaala  optimum  vie-a-vie  red,  the  defender.  Title  abrupt  change  in  stratt 
threshold  level  indicated  is  caused  by  a  discontinuity  of  the  optiaua  decii 
vben  solving  for  the  min  max  »  max  min  payoff  point  on  the  decision  surfac' 
limiting  blue's  capacity  to  fully  allocate  forces  in  the  air  mobile  mode. 

This  threshold  parameter  is  a  significant  output  reflecting  the 
of  the  mathematical  model  exercised  vhich  was  not  obvious  to  the  analyst  dv  * 
construction  phase  of  this  study.  Also,  the  air  mobile  threshold  represent 
f lcat.ion  of  a  command  decision  made  many  times  in  the  past  by  commanding  o' . 
planning  and  tactical  phase  of  great  battles.  The  question  as  to  whether 
to  the  rear  via  the  air  mobile  mode  and  in  what  percentage  of  the  total  for 
deploy  in  this  mode  is  usually  answered  at  the  highest  levels  of  command  vh* 
Judgment  and  experience  are  without  peer.  For  the  amphibious  model  to  , 
this  parameter  quantitatively  is  a  significant  test  of  the  model  in  that  th 
deploy  air  mobile  troops  is  a  relatively  new  concept.  Also  to  relate  such  • 
th-  other  Inputs  of  the  amphibious  operation  model  such  as  fire  power,  mobl. 
size,  priority  lsvsli,  etc.  of  both  the  attacker  and  defender  should  certr, '  ■ 
the  knowledge  and  experience  necessary  to  develop  requirements,  plan,  and  c. 
amphibious  environment.  Before  continuing  the  analysis  in  this  direction,  1 
columns  of  figure  |£  will  be  defined. 

The  third  column  represents  red’s,  the  defenders,  threshold  in  e 
forces  to  the  beach  and/or  reaaln  inland  to  attack  the  air  mobile  force  if  d 
This  same  type  of  decision  was  made  In  the  Battle  of  Okinawa  by  the  Japanese 
they  elected  to  dig  la  Inland  and  let  the  United  States  amphibious  landing  p 
opposed.  Based  upon  the  reeults  of  this  battle,  one  can  say  the  Japanese  ct 
played  optimally  if  not  successfully.  Columns  two  and  three  of  Figure  11  a 
tbs  new  payoff  values  (B-H)  and  the  time  t  based  upon  the  constrained  strs 
suiting  from  the  natural  discontinuity  effect  inherent  in  the  strategic  surf 
ly,  column  four  Of  Figure  JJL  illustrates  the  results  of  the  play  of  the  game 
aides  are  forced  into  strategies  constrained  within  their  thresholds. 

Summarising  we  can  say  that  the  unrestricted  play  of  the  game  re 
allocating  completely  to  the  air  mobile  mode  while  red  defends  completely  el 
beach  or  Inland  reserve  (Figure  11,  first  column).  If  blue  is  physically  co 
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teai  B/lWl*  la  call  ad  tha  superiority  cue  la  that  it  represents  the  grestet 
relative  to  tha  defender,  of  blue  force*  used  in  the  standard  cue.  Ota  t: 
parameter  t^  is  allowed  to  run  from  0  a  fi  4  hours  and  there  does  not  see 
any  risible  effect  on  blue 's  air  nobile  threshold  for  the  parity  cue  ise* 
third  graph,  second  column).  However,  in  the  superiority  cue  shown  In  Fi, 
for  sero  tine  delay  the  air  aoblle  threshold  drops  suddenly  to  aero.  In  oJ 
if  sach  fighting  element  traverses  the  two  points  on  the  battlefield  at  i~ 
(a  physical  impossibility)  no  air  mobile  threshold  exists  for  the  superior 
and  blue  will  send  u  many  of  hla  force  elements  via  the  air  mobile  mode  * 
while  still  keeping  within  th?  optimality  criteria  for  both  the  restrict-' 
restricted  play  of  the  game.  It  should  he  noted  that  only  discrete  val 
eoaguted  and  the  curves  shown  in  all  these  game  rune  are  only  valid  at  the 
where  computations  were  made.  In  other  words  td  for  zero  and  one  were 
It  la  not  known  when  tha  threshold  value  Jumps  from  zero  to  one.  However, 
sake  of  simplicity,  straight  lines  were  drawn  between  computed  points  on  t 

'ihe  next  variable  that  was  pertioJbed  was  the  attacker's  (blue; 
Figure  10  indicates  the  range  of  values  given  to  all  four  of  blue's  fight 
Bn  fire  power  of  aaeh  element  was  lncreued  by  a  factor  of  half  In  both  t 
and  superiority  oast  (see  Figures  19  and  20).  There  was  no  effect  on  blue 
decision  threshold  level  which  rsnslnsrt  constant  compared  to  the  standard  c 
Apparently  Irwiresslsg  tha  relative  strength  of  blue  over  red  using  additioi 
poseur  lalientu  that  the  surface  attack  mode  becomes  more  desirable  vis-a-i 
mflhlla  mode,  thus  lnssplng  the  oommander '■  decision  threshold  relatively  hig 
eanle. 

tte  ant  parturtaticn  would  be  to  weaken  blue  relative  to  red  *. 
use  of  fire  power.  Shis  we  done  for  tbs  parity  end  superiority  cues  in  . 
and  29  by  raising  red's  fire  power  relative  to  blue  (see  Figure  10).  Red't 
was  wised  in  Innrwmnte  of  y*f>  end  a  marked  deoreue  in  the  eonmnnder  's  it 
hold  is  Observed  in  tbs  parity  cue  (Figure  21,  third  graph,  second  column) 
Unfortunately  blue,  the  attaeker,  does  not  achieve  the  objective  of  the  ope 
cause  Just  before  the  threshold  starts  to  decrease  the  payoff  (B-R)  to  blu 
negative  (that  is,  red  wins).  This  is  demonstrated  by  the  first  graph  in  t 
column  of  Figure  21.  This  parity  oese  could  have  represented  too  marginal 
order  of  battle  ratio  superiority  for  blue.  Possibly  if  blue  used  a  b/&*4 
Case,  Figure  22),  this  would  not  only  reduce  the  coswmnder's  decision  three 
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but  algo  achieve  for  blue  the  objective  of  the  operation  aucceaa.  Figur 
ua  by  achieving  only  half  the  conjecture  of  the  laat  eentence.  lhat  le, 
operation  objective  ie  truly  achieved,  but  the  conaaander'a  Aecialon  threi 
right  back  to  the  atandard  caae  level.  It  la  only  when  red's  fire  pave* 
causing  blue  to  lose  the  battle  R  >  1.2)  that  the  comaander's  decision  t 
turns  down.  At  this  point  one  sight  ask  whether  the  conmander  's  low  thr 
consistent  with  optimally  gaining  the  objective  of  the  amphibious  opera' 
threshold  level  is  not  consistent  with  the  attacker  *8  achieving  a  succee 
landing  operation  in  an  optimum  sense,  why  does  the  equivalent  real  wor1 
this  amphibious  operation  contain  an  air  mobile  mode  of  troop  deploym:.i 
magnitude  relative  to  the  surface  landing  represented  by  the  abstract  mr' 
model  seems  to  be  saying  is  that  the  air  mobile  mode  of  deployment  of  tr 
in  this  case  represents  instantaneous  deployment  is  not  as  effective  ... 
ing  (that  la  slower  deployment)  of  the  surface  elements  |  Bg,  } ' 
have  greater  fire  power.  If  this  be  the  ease,  then  let  us  increase  the 
air  mobile  elements  only  and  see  what  happens  to  the  commander 's  dec is:. 

Figure  33  gives  blue 's  air  mobile  element  fire  power  pert  • 
parity  case.  As  expected  for  k  -3  the  commander's  decision  threshol 
reduoed  to  TO $  which  it  still  in  the  upper  range  of  poselble  values  and 
currwmt  doctrine.  Xt  la  interesting  to  note  that  for  4  .225  not  only 
optimal  strategy  reduoe  to  100)1  allocation  across  the  beach  for  the  rest 
the  pat*  hit  also  red,  the  defender,  optimal  strategy  reduces  to  defend 
only  as  opposed  to  the  multiple  Choice  available  to  red  for  the  unrestrl 
(Figure fhath  graph,  column  one).  Ibis  mild  reduction  in  threshold 
to  ha  sansad  by  laaraaaiag  tha  desirability  of  the  air  mobile  deployment 
trees lag  its  firs  power.  What  happens  if  the  order  of  battle  ratio  (2/' 
lacrsaeadt 

Figure  &  fives  these  results  for  the  superiority  case  and 
the  commander  'a  decision  threshold  level  eras  back  to  the  90$  level  of  t 
ease.  3hls  again  Illustrates  that  the  comrander'a  air  mobile  decision  t 
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but  u3.oo  achieve  for  blue  the  objective  of  the  operation  success.  Figur 
us  by  achieving  only  half  the  conjecture  of  the  last  sentence.  That  is, 
operation  objective  is  truly  achieved,  but  the  commander's  decision  threi 
right  bach  to  the  standard  case  level.  It  is  only  when  red's  fire  pove' 
causing  blue  to  lose  the  battle  R  >  1.2)  that  the  comsander’s  decision  t 
turns  down.  At  this  point  one  eight  ask  whether  the  conssander  ’a  low  thr 
consistent  with  optiaally  gaining  the  objective  of  the  amphibious  opera 
threshold  level  is  not  consistent  with  the  attacker's  achieving  a  succet 
landing  operation  in  an  optimum  sense,  why  does  the  equivalent  real  vor1 
this  amphibious  operation  contain  an  air  mobile  mode  of  troop  deploy®;. 1. 
magnitude  relative  to  the  surface  landing  represented  by  the  abstract  mr> 
model  seems  to  be  saying  is  that  the  air  mobile  mode  of  deployment  of  ti 
in  this  case  represents  instantaneous  deployment  is  not  ea  effective 
ing  (that  lu  slower  deployment)  of  the  surface  elements  |  B^,  Bg,  B^  j ' 
have  greater  fire  power.  If  this  he  the  case,  then  let  us  Increase  the 
air  mobile  elements  only  and  see  what  happens  to  the  commander's  decisl. 

Figure  $3  gives  blue's  air  mobile  element  fire  power  pert-  • 
parity  case.  As  expected  for  *  .3  the  commander's  decision  threshol 
reduoed  to  ?0]l  which  la  still  la  the  upper  range  of  possible  values  and 
currwmt  doctrine.  It  Is  Interesting  to  note  that  for  B^  *  .225  not  only 
optimal  strategy  reduoe  to  1000  allocation  across  the  beach  for  the  rest 
the  gase,  bet  also  red,  ths  defender,  optimal  strategy  reduces  to  defend 
Only  as  effaced  to  the  Blltlpls  eholce  available  to  red  for  the  unrestrl 
(Figure  g^,  Dearth  graph,  collar  one).  This  mild  reduction  In  threshold 
to  be  SSHMd  bp  increasing  ths  desirability  of  the  air  mobile  deployment 
•ridding  its  fire  power.  What  happens  If  the  order  of  battle  ratio  (3/' 
Inara sweat 

Figure  2^  gives  these  results  for  the  superiority  case  and 
the  cowander 's  Asolsloo  threshold  level  coes  hack  to  the  90f  level  of  t 
case.  This  again  Illustrates  that  the  coasander's  air  mobile  decision  t 


la  directly  related  to  the  auccees  of  the  aephibloua  operation.  That  is,  : 
commander  has  overwhelming  superiority  of  forces  and  fire  power,  optima  d> 
in  the  air  mobile  mode  infers  moat  (greater  than  90)1)  of  bis  forces  land  vt 
■>de.  If  the  magnitude  of  such  deployment  ia  for  soma  reason  (technically 
. conondcally)  not  feasible,  then  the  optimum  allocation  of  forces  la  1 
all  forces  across  the  oeacn. 

e.  Sunmary 

Justifying  these  model  results  to  current  doctrine  is  impossit' 
amphibious  operation  as  presently  conceived  is  designed  to  overwhelm  the  V 
ing  force  such  that  a  toe-hold  can  be  achieved  on  the  defender's  territory 
size  to  support  future  major  objectives.  The  planning  of  an  amphibious  op 
definition  presumes  the  fact  that  it  represents  an  operation  based  upon 
vis  the  defender.  Then  why  does  current  doctrine  also  require  a  vertical 
or  air  mobile  deployment  mode  of  forces  of  Insufficient  magnitude  to  assur 
results?  Even  if  one  assumes  that  the  payoff  is  Insensitive  to  the  optima 
for  the  unrestricted  or  restricted  plsy  of  the  game  (which  may  be  true  ir 
the  economic  and/or  technical  feasibility  of  the  air  mobile  deployment  mo 
more  severe  then  the  surface  mode  of  deployment  of  forces.  Thus  if  one  p.1 
amphibious  operation  using  the  cost-effectiveness  criteria  instead  of  a  pi> 
military  payoff  criteria,  the  Justification  for  the  air  mobile  deployment 
even  more  difficult. 

Still  another  possible  interpretation  of  the  results  as  that  t 
metical  model  used  in  the  coexisted  study  was  too  abstract  a  representatio: 
amphibious  operation  and  therefore  did  not  adequately  reflect  all  the  impo 
parameters  affecting  the  out  costs  of  the  battle.  This  presumes  that  a  more 
presentation  of  the  amphibious  operation,  taking  into  consideration  parame 
omitted  from  the  completed  study  because  they  were  considered  of  second  or< 
would  yield  results  more  compatible  with  reality.  Such  a  study  certainly 
sideration  in  view  of  the  importance  of  the  Information  potentially  avail* 
the  mathematical  models  and  techniques  demonstrated  by  this  study. 

4.  I  wo  Jlma  v 

J.  H.  Ingel  in  his  paper  titled,  "A  Verification  of  Lanchester's  L 
the  applicability  of  the  Square  Law  in  an  actual  combat  situation  where  Un: 
forces  captured  the  island  of  Iwo  Jlma.  In  this  analysis  of  the  capture  o. 
the  Lanchester's  equations,  as  defined  by  the  Square  Lav,  were  found  to  be 
The  fire  powers  acredited  to  both  sides  as  measured  by  the  author  were  one- 
the  magnitude  of  the  standard  case  used  in  this  study.  This  factor  of  one- 


ai»3uroou  fighting  occurred  predominately  In  the  day  tiro;.  This  fire  p 
as  an  input  to  the  amphibious  model  of  this  study  to  see  if  any  ucofu 
wuld  result.  In  Rigur'!  tho  U.ll.  .to:::;  ratio:;  nr;  u  function  of  ord 
rutio  (iV'n)  in  plotted  ngi.inst  actual.  World  War  IX  data.  The  mother,  - 
results  for  this  e:u;c  fell  well  within  actti. .1  divl.i,.  Figure  <:')  gives 
the  computer  run  in  the  sruso  ronn  a.;  the  previous  sensitivity  anr.dyol 
delay  t^  used  was  ten  hours.  The  first  column,  third  graph,  indicat' 
optimum  strategy  of  allocating  {ill.  blue’s  forces  ucross  the  beach.  I 
fire  power  strength  available  during  the  Ivo  Jima  Campaign  does  not  .. 
upon  the  assumptions  of  the  model)  tho  sophistication  of  air  mobile 
mode.  Of  interest  to  the  :j\alyot  wuld  be  the  strategy  crossover  pc'; 
26  elves  the  results  of  the  standard  case  for  one- fifth  tho  fire  povo 
unrestricted  blue  strategy  remains  across  the  beach.  Figure  27  1  *‘d.. 
strategy  crossover  for  blue  only  at  b/r=1  and  4.  Column  two,  third 
the  commander*  3  decision  threshold  of  p0>,  the  s;uw  no  the  standard  > 


I.  TBE  VALUE  OF  MOBILITY,  DISPERSION  ADD  SURVEILLANCE 

IN  ACHIZVIBG  EFFECTIVE  UTILIZATION  OF  FIRE  POWER 

Tie  requirement*  consistent  vith  limited  and  tactical  warfare  have  pi 
■tress  on  the  characteristics  of  mobility  and  diapers ' an  of  units  on  the  1 
The  Lanchester  Equations  Model  used  in  the  previous  section  does  not  des  . 
characteristics  in  a  natural  manner.  This  is  due  to  the  fact  that  the  po 
surveillance  characteristics  of  units  on  the  battlefield  are  very  imports 
mathematical  description  of  such  action  is  not  easily  accomplished  using 
functional  relationships.  No  longer  is  warfare  necessarily  characterised 
attrition  of  the  opposing  sides  until  one  side  predominates.  The  high  1 
modern  weapons  allows  great  advantage  to  the  side  pre-empting  the  attacr 
the  force  size. 

In  no  way  is  i„  possible  to  determine  a  tactical  force's  effectiveies: 
enemy  as  a  function  of  mobility,  dispersion,  surveillance,  fire  power  ct 
deception,  etc.  by  utilizing  the  Lanchester  approach  only.'  This  is  due  •! 
the  lanchester  Model  is  only  sensitive  to  the  resultant  attrition  rate  fe 
and  its  effect  over  time  and  is  not  sensitive  te  how  this  attrition  rate 
the  battlefield  characteristics  of  the  units  involved.  For  example,  one 
firepower  tactical  unit  such  as  a  tank  or  artillery  battalion  against  a  1 
and  If  circumstances  are  such  that  the  high-firepower  is  never  in  nosltloi 
enoqr  because  of  lack  of  surveillance,  and/or  mobility,  then  the  choice  of 
rates  afc,  agj  b  j.  cannot  be  made  on  the  basis  of  weapons  capability  ale 
fare  this  devloe  becomes  arbitrary  if  one  resorts  only  to  the  Lanchester  * 
la  needed  is  a  mathematical  description  of  the  battlefield  taking  into  cor 
mobility,  dispersion,  surveillance,  deception,  etc.  such  that  true  tactics 
ness  can  be  derived  subject  to  or  constrained  by  veapon  systems  and/or  orp 
capability.  Such  a  model  will  now  be  developed. 

1.  Battlefield  Burvelllaacc  and  Mobility 
a.  Introduction 

Tbs  detection  of  enemy  targets  on  the  battlefield  represents  t 
problem  area  la  the  successful  employment  of  tactical  units  and  associated 
systems  against  such  targets.  In  order  for  such  units  to  be  effective,  a 
tagrated  tactical  force  coaprised  of  aircraft  (both  reconnaissance  and  log 
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supporting  personnel,  and  equipment  must  be  deployed.  Since  the  enemy  presume 
also  attempting  to  use  its  own  tactical  units  and  weapon  systems  in  an  effecti 
the  situation  reverts  to  a  'red'  and  'blue'  type  analysis  because  each  opposir 
unit  represents  a  potential  target  to  each  other.  The  question  then  arises  as 
type  of  mobility  and  dispersion  characteristics  each  side  (red  relative  to  blv 
versa)  would  need  to  perform  effectively.  If  either  side  was  immobile,  then  . 
only  be  a  question  cf  time  when  the  opposing  sides  would  detect  and  deatroy  ec 
The  net  effect  of  redvereus  blue  would  be  a  function  cf  the  relative  number  c.' 
aircraft,  weapon  systems  and  supporting  equipment  opposing  each  other  and  how 
dispersed.  Such  a  situation  could  effectively  be  described  by  the  Lanchester 
To  increase  survivability,  each  side  could  either  disperse  into  smaller 
periodically  move  about  the  battle  area,  or  incorporate  into  the  tactical  sys 
active  defense.  The  lattes'  is  objectionable  because  it  makes  the  tactical  fc. 
cumbersome  and  there  is  serious  technological  doubt  as  to  whether  a  defenf 
ever  be  effective  against  the  all  out  use  of  offensive  force  in  a  battlef^el ' 
ment  (e.g.  "The  best  defense  is  a  good  offense.").  It  seems  clear  that  perix 
bllity  and  unit  dispersion  are  the  only  alternatives  when  attempti.ig  to  suits: 
tions  od  the  battlefield.  This  is  true  for  a  wide  var: 'ty  of  combat  situatio' 
guerrilla  warfare  to  tactical  nuclear  war.  The  key  factor  determining  the  e  . 
and  importance  of  mobility  and  dispersion  to  insure  Burvlvability  is  the  effe 
of  the  fire  power  utilized  against  the  tactical  system.  When  the  aUnfon  ct 
the  threat  of  overwhelming  fire  power  is  present,  then  mobility/dispersion  cor 
tions  are  much  more  important  that  fire  power/reaction  time  considerations  1 
only  when  the  latter  predominates  do  we  have  a  case  for  Lanchester' s  Model,  i 
are  interested  in  the  successful  employment  of  tactical  systems  under  all  cone 
Including  the  threat  of  a  nuclear  environment,  we  can  assume  that  the  importer 
mobility  and  dispersion  supersede  fire  power  considerations  and  the  model  des.' 
that  follows  will  have  these  assumptions  in  mind.  Also  please  note  that  Appe 
contains  a  different  approach  to  the  same  model  which  will  be  developed  below 

b.  The  Effect  of  Intermittent  Mobility  on  Detection 

Let  us  suppose  two  opposing  tactical  forces  (referred  to  as  the  r< 
blues)  operate  in  a  battle  area.  Let  capital  'R '  be  the  total  area  red  contr< 
searches  to  acquire  the  blue  tactical,  force  and  small  'r'  the  rate  of  search  < 
area  per  unit  time  red  searches  oklng  for  blue.  Define  capital  'B'  and  sma. 


in  a  similar  manner  for  the  blue  tactical  force.  If  both  sides  search  for  eas 

systematically  covering  their  controlled  battle  areas,  and  If  the  probability 

being  in  an  area  of  the  battlefield  of  size  'r'  equals  r/R  the  question  arises 

Is  the  probability  P  .  red  detects  blue  first,  as Burning  red  moves  periolicall 
r,b 

time  units  and  blue  moves  periodically  every  m  time  units,  each  move  being  IV 

random.  This  question  can  be  similarly  phrased  for  r ■  The  probability  red 

blue  first  is  Important  because  this  indicates  vhich  side  has  the  benefit  of  t 

action  against  the  other.  Also  if  one  assumes  that  the  threat  of  fire  power  ■ 

is  sufficient  to  overwhelm  the  tactical  force  unit,  then  the  side  tlat  is  abl 

empt  his  attack  suffers  negligible  attrition.  For  thiB  reason  the  determine 

detects  first  is  at  1  important  with  firepower  attrition  factors  secondary  an. 

a  probability  of  ViTi  conditional  on  the  probability  of  detecting  first.  Fig' 

indicates  in  a  time  sequence  one  cycle  of  the  periodic  mobility  considered  t< 

blue.  P  .  will  be  computed  for  one  cycle,  i.e.,  the  time  period  m  that  'ui 
r,b 

stationary. 


a  time  units  (Blue's  Stationary  Time  Cycle) 
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Red  ’s  j/n<^  move 
relative  to  Blue 
Stationary  Time  i 


Figure  28.  RED'S  ARB  BLUE'S  PERIODIC  MOBILITY  AS  A  FUNCTION  OF  ONE  OF  BI 
TIME  CYCLE 
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Using  Blue 1  s  move  as  the  location  of  the  origin  of  the  tine  scale 
(Figure  29)  end  the  random  move  of  Red  starting  at  time  ■  j,  we  cceqpute  the 
probability  of  red  detecting  blue  first  at  time  i,  Py^(i). 

Let  time  run  from  l*iSm,  then  fe(l)  for  n>k  can  be  developed 
inductively : 


'r,*!1-1-1}  ‘  <l  - S>l tor  1  ■  1  f1-!) 

■  5)  ^  ■  jplj  “*•  t1  '  B-  r  l-llb  H1  ■  ,)  0*  -  ££)  • 


^  “  R-ri-2lP  R-jl-ljr  f0T  1 


The  1"-  expression  can  be  reduced  to 


pr,l>  {1=1*J}  ■  ‘¥*4 


The  first  tens  on  the  right  indicates  the  probability  bl 
does  not  detect  red  during  the  (0,  i)  time  period  and  tbe  second  indicates 
probability  that  red  does  not  detect  blue  during  the  (0,  1-1)  time  pcrio 
but  does  detect  at  the  i—  time  period.  Another  way  of  looking  at  this 
probability  model  would  be  to  assume  that  red  and  blue,  eech  suppling 
sequentially  in  time  and  In  unison,  an  urn  placed  before  each,  containing 
vfeite  balls  except  one  Which  is  bleak.  The  number  of  vhite  balls  in  each 
is  (R fr)  -  1  for  red  and  (B/b)  -  1  for  blue.  Therefore  the  nhove  equation 
probability  red  pulls  the  black  ball  out  of  the  urn  before  blue  does  so  01 
of  his  urn  at  the  i~  time  period  conditional  to  all  previous  ball*  pulled 
from  the  urn  not  being  replaced  (i.e.,  sampling  without  replacement). 


